Abstract. An upstream scheme based on the pseudostress-velocity mixed formulation is studied to solve convection-dominated Oseen equations. Lagrange multipliers are introduced to treat the trace-free constraint and the lowest order Raviart-Thomas finite element space on rectangular mesh is used. Error analysis for several quantities of interest is given. Particularly, first-order convergence in L 2 norm for the velocity is proved. Finally, numerical experiments for various cases are presented to show the efficiency of this method.
Introduction
We consider the following Oseen equations
where Ω is an axis parallel domain in R 2 with Lipschitz continuous boundary ∂Ω. Let f = (f 1 , f 2 ) and ν > 0 be the given external body force and kinematic viscosity, respectively. Denote u and p to be the velocity vector and pressure, respectively. For simplicity, we assume that α > 0 and divb = 0 and b ∈ W 1,∞ (Ω) 2 . Here we use the standard Sobolev spaces. The Oseen problem occurs as linearized Navier-Stokes equations or often arises from an iterative procedure such as Picard's iteration [15] . Generally, the Oseen equations are convection-dominated and standard centered difference schemes or piecewise linear approximations produce spurious numerical oscillations. In the case of convection problem, upwind or upstream weighting technique can be used [18] . There are various ways to treat this problem (see, for example, [2, 5, 6] ).
The mixed finite element method has been successfully applied to several areas of interest, in particular, fluid flows in porous media. This is mainly due to the fact that the mixed method satisfies local mass conservation property and provides accurate fluxes whose normal components are continuous across inter-element boundaries. Mixed methods for linear and nonlinear second order elliptic problems are studied in [4, 20, 22, 23] . The standard mixed finite element method to convection-dominated diffusion problems gives solutions with spurious oscillations. Hence we need to exploit an upstream weighting scheme for the convection term in the context of the mixed finite element method. This idea was developed by Jaffre [16] and by Dawson [12] for the scalar convectiondiffusion problem. The a posteriori error analysis of the upstream weighing mixed scheme was analyzed in [17] . There, it is shown that the a posteriori error estimator is not only reliable and efficient, but also computationally robust for several test problems.
The pseudostress-velocity formulation allows to use the Raviart-Thomas mixed finite approximation of the Stokes problem [8, 9, 10, 14] . In this paper, we propose and analyze the upstream schemes based on the trace-free pseudostress and velocity formulation of the Oseen problem. Lagrange multipliers are introduced to treat the trace-free constraint. We use some of the ideas presented in [19] to obtain error bounds for velocity and pseudostress variables on rectangular mesh.
The remainder of this article is organized as follows. The pseudostressvelocity formulation is derived in the next section. In Section 3, we introduce the upstream mixed element method for the Oseen problem. The convergence analysis is given in Section 4. Finally, numerical experiments are presented in the last section.
Pseudostress-velocity formulation
Let us describe some notations and then derive weak formulation. Denote M 2 to be the field of 2 × 2 matrix functions.
For vector functions v = (v 1 , v 2 ) T and b = (b 1 , b 2 ) T , define its gradient ∇v ∈ M 2 as a tensor and b · ∇v as a vector:
For a tensor function τ = (τ ij ) 2×2 , let τ i = (τ i1 , τ i2 ) denote its ith-row for i = 1, 2 and define its divergence, normal, and trace by
respectively. Let A : M 2 → M 2 be a linear map defined by Aτ = τ − 1 2 (tr τ )I, where I is 2 × 2 identity matrix. Introducing the pseudostress variable
system (1) can be written as
where κ = 1/ν. Indeed, notice that Aσ is trace free, hence the incompressibility constraint divu = 0 is satisfied through divu = tr(∇u) = 0. Also, the pressure
is unique up to a constant. It is clear that the Oseen equations have a unique solution provided that Ω p = 0, which implies
So, we use the following function spaces:
where
The simple variational problem of the pseudostress-velocity formulation is to find a pair (σ, u) ∈ Σ×V such that
where G(u, v) = (b·∇u, v)+ (αu, v). Here, the inner product (σ, τ ) for tensor functions is Ω σ : τ and (u, v) = Ω u · v for vector functions. But, this weak formulation give us difficulties in error analysis and taking the basis for finite element space of Σ. So, we introduce a Lagrange multiplier to satisfy the tracefree condition (4) . The following weak form is equivalent to (5) 
where d(τ τ τ , ℓ) = ℓ Ω trτ τ τ . We will use the following lemma whose proof can be found in [4, 7] .
Lemma 2.1. For any τ ∈ Σ, we have
Note that
which, together with Lemma 2.1, implies
3. The upstream mixed element method
] based on axes partitions:
y j = y j+1 − y j and its area as |R i,j | and denote four edges as follows
Let h be the largest mesh size of the rectangluation, i.e., h = max i,j {h
The partition R h is quasi-uniform, which means that there exist two constants
We define mixed finite element space
Then, we define finite element spaces as
Note that each row of tensor function in H h satisfies the continuity of the normal component of vector field at interfaces of elements. For exposition of upstream schemes some notations are in order. We will represent normal vector as two ways. First, for given edge e of an element R ∈ R h we assign a unit normal vector n e , which is the same as the x−direction or y−direction. Then, given a pair (e, n e ) with an interior edge, one can uniquely define the neighboring elements R + e and R − e with common edge e so that n e points toward R + e . Second, for given element R a vector n will be considered "outward" to an underlying element as in Figure 1 . 
int stands for the trace of u h on ∂R from the interior of R and (u h ) ext is that from the exterior of R. We set the exterior trace on ∂R ∩ ∂Ω to be 0. Now, we define an upstream mixed finite element approximation of G(u, v) in (6) as follows:
Our upstream mixed finite element approximation of the weak formulation (6) is to find a pair (σ
Lemma 3.1. Let ε be the collection of interior edges. Then the bilinear form G h (u, v) can be rewritten as follows:
where [u] denotes the jump of u on edge e.
Proof. The idea is to rewrite the corresponding sums over the edges. For given interior edge e and a pre-assigned unit normal vector n e , there are two elements R + e and R − e . We assume that R + e contribute with the vector n ≡ −n e and R − e contribute with the vector n ≡ n e as reference to Figure 1 . See [11] for a complete proof.
Proof. It follows from Lemma 3.1 that
The last identity follows from the incompressibility condition divb = 0. Now we are ready to prove unique solvability of our discrete system.
Proof. It is sufficient to prove that the problem has just trivial solution when
So, we have that
we have
Aσ h = 0 and u h = 0.
Next, if we choose v h = divσ h in second equation of (8), we get from (7)
Finally, from the first equation in (8)
Choosing τ h ∈ H h with Ω trτ h = 0, we have ℓ h = 0 as required.
belongs to H h and satisfies that
Noting that Aτ h = 0 and from error equation
we must have ℓ = ℓ h .
Error analysis
To estimate errors, we define a projection using mean value of integration. For a given R i,j and scalar function p(x, y), put
and define an interpolation π x p for (x, y) ∈ R i,j
Then, the projection satisfies the followings
Thus, we extend this projection to tensor σ = ( σ11 σ12 σ21 σ22 ) ∈ H, we define Π h σ as follows
Next, we define a piecewise constant interpolation P h v for v ∈ L 2 (R) as follows
, define an interpolation P h u ∈ V h as follows
From (9), it is easy to check the validity of the commutativity property
Thus, we obtain convergence results for projections:
Lemma 4.1. For σ ∈ H, we have the following approximation properties
Lemma 4.2. For σ ∈ H, the interpolation Π h σ satisfies the followings
and
Proof. It follows from Lemma 4.1 and the commuting property AΠ h σ = Π h Aσ that
Since v ∈ V h is constant on R, it follows from the definition of Π h σ that we have
Now, for the error analysis, define
Lemma 4.3. When h is sufficiently small there is a positive constant C independent of h such that
where ξ u = (6) and (8) we have that
Since ℓ = ℓ h , by subtracting (18) from (19), we have that
So, using (a + b) 2 ≤ 2(a 2 + b 2 ) and the Hölder inequality,
which completes the proof of (16) . The proof of (17) follows similarly.
We assume that u is continuous in the whole domain for simplicity. Note that for v h ∈ V h , we have
Thus, we find that
Writing u = P h u + (u − P h u) and using
we arrive at
Lemma 4.4. Under the assumption of Lemma 4.3 we have that
Proof. Note that the unit outward normal vector is n = ±(1, 0) on e x i and n = ±(0, 1) on e y j . By definition of projection, for k = 1, 2 the L 2 -projection P h u k is constant on R i,j . So, it follows that
By taking v h = ξ u in (20), we have that
Similarly by taking v h = ξ u in (20), we have
Ri,j ∂u ∂y dxdy ξ ui,j − ξ ui,j−1
Since u − P h u ≤ Ch u 1 , adding the equation (21) and (22), we complete the proof from (20) .
We are now ready to prove the first order convergence of the velocity and trace-free pseudostress variables.
Theorem 4.5. For h sufficiently small, there exists a constant C independent of h such that
Proof. Note that σ − σ h = η σ + ξ σ . Subtracting (8) from (6) and using (15), we have that
Taking
Note that from Lemma 3.2,
Applying (27) and Lemma 4.4, we have that
Therefore, using A(σ − Π h σ) ≤ Ch σ 1 and u − P h u ≤ Ch u 1 and the triangle inequality, we have
In the next theorem, we prove stability of σ h in the H(div; Ω)-norm. Note that in the scalar convection-diffusion problem, a weaker stability result was obtained [16] ; see also Theorem 3.2 in [17] . Theorem 4.6. For h sufficiently small, there exists a constant C independent of h such that
Adding two equations in (29) leads to
To estimate (30), using the relation
we have
Note that v h is a constant vector with support R.
By the trace theorem(c.f., [3] ) and Theorem 4.5,
Therefore, we get the following estimate from (7) and (30)
By the triangle inequality
Numerical results
In this section, we perform various numerical experiments to test the upstream scheme based on the pseudostress-velocity formulation. All experiments were run in Matlab (see [1] ).
Example 1
We solve Oseen equations (1) in the unit square Ω = (0, 1) 2 with α = 2 and b = (2, 3) T . The function f is determined by the following exact solution,
By the definition of the pseudostress in (2), we have
2 cos(2πx) sin 2 (πy) −νπ 2 sin(2πx) sin(2πy) − p(x, y) .
Partition the domain Ω = (0, 1) 2 by uniform rectangular elements R i,j = (ih, jh) for i, j = 0, 1, . . . , n with h = 1/n. When n = 32, Figure 2 shows the exact vector field of velocity and contours of pressure, respectively. If we write 
where M = 4n(n + 1), N = 2n 2 . The discrete weak form (8) has the following matrix form: 
Lid-driven cavity flow
The next problem is that of lid-driven flow in a square cavity. This is a classic test problem used in fluid dynamics, known as dirven-cavity flow. Our aim here is to check the performance of the scheme with b = 0. We Table 1 . Errors and Convergence Orders
C.O. impose no-slip boundary conditions, that is, u 1 (x, 1) = 1 for −1 < x < 1 and u 1 (−1, 1) = u 1 (1, 1) = 0. We solve the following Stokes equations with uniform mesh.
−△u + ∇p = 0 in (−1, 1) × (−1, 1), div u = 0 in (−1, 1) × (−1, 1).
We plot exponentially spaced streamlines to illustrate the Moffatt eddies in the bottom corners. These streamlines are computed from the pseudostress solution by solving the following Poisson equation numerically subject to a zero Dirichlet boundary condition.
where φ is a scalar stream function and ω is the vorticity (see [13, 21] ). Because our method is based on the pseudostress-velocity formulation we calculate the pseudostress directly. Since κAσ = ∇u = we can use more accurate approximation of ω from the computed pseudostress so that we shall solve equation (31) more efficiently.
Oseen flow over a step
The final test problem is an Oseen flow over a backward facing step. 
